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For a complex number s and an arithmetical function u, we write A(n) = Eda=” 
a(d) @ and ,4*(n) = d(h) n-‘. In this paper, we prove asymptotic formulae for the 
wns EnGx 4.0~~~~ XpGx AU(P)), Lx A*Ublh ami l&s.x A*(~(P)), where Re 
r> 0, f is a nonconstant polynomial with integer coegicients, and a satisfies a 
growth condition. Several iIlustrations are given which incidentally refine results 
due to R. Bellman, W. Schwarz, and W. A. Webb. <D 1986 Academic Press, Inc. 
1, INTRODUCTION 
In [l], Bellman, using a series representation due to Ramanujan [18], 
obtained asymptotic formulae for the sums xas.Y ~~{~(~)) and 
Z.p<.x-,~pri*e gsU(PI17 ’ w ere G$(w) denotes the sum of the sth powers of the 
positive divisors of m, f is a polynomial with integral coeflicients, and s is a 
complex number with Re s < 0. (Although in the statements, f is stipulated 
to be an integer-valued polynomial, the proofs do not consider this 
generality as noted by De Bruijn [ 1 1 ] in his review). Recently, Webb [26] 
used a different argument to obtain asymptotic formulae for the above 
sums with Re s > 0 with reasonably good error terms invoking Bombieri’s 
theorem in the case of the latter sum. However, Webb’s attempt to include 
integer-valued polynomials contains some errors which limit the validity of 
his results to polynomials with integer coefficients having nonzero dis- 
c~minants (see Sect. 7 for details). 
In Section 3, using elementary methods, we obtain asymptotic formulae 
for the sums x,,GX +4(f(n)) and x,,G.X ~I(f(p)), wherefis an arbitrary non- 
constant polynomial with integer coefficients, and ,4 belongs to a wide class 
of arithmetical functions which includes, for instance, Go, Js (the Jordan 
totient function of order s), rh (F+&FZ) = the number of representations of n 
as a sum of 4 integral squares), $ (Dedekind ~-function), l,G# (4 = Jl, the 
Euler totient function), and i/$. In Section 4, in addition to deducing 
refmements of the assertions of Bellman and Webb, we give several 
illustrations of our formulae, incidentally obtaining Corollaries 1 and 2 of 
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Theorem 1, Theorem 2, and a relinement of Theorem 3 of Schwarz [20]. 
In Section 5, we apply our results of Section 3 to sums of the form 
Lx t4fWY and 21pGx t4fl~W~ w h ere r is a positive integer and in 
particular obtain a refinement of an assertion of Bellman (cf. 
[l, Theorem 21). In Section 6, we list some other classes of familiar 
a~thmetical functions to which our results are applicable. 
2. NOTATION AND LEMMAS 
In the sequel, we write n for a positive integer, p for a prime, p for the 
h&bius function, r = crO for the number of divisors function, cc(~) for the 
number of distinct prime factors of n, and y(n) for the kernel of n, that is, 
the maximal square-free divisor of a. For a fixed integer k 2 2, a positive 
integer n is said to be k-free (resp. k-full) iff in the canonical factorization of 
n, each exponent is Iess than k (resp. not less than k). The symbols qk and 
lk, respectively, denote the characteristic functions of the sets of all k-free 
and k-full integers. 
Throughout f denotes a nonconstant polynomial with integer coef- 
ficients, k denotes deg f and a denotes the leading coellicient of$ We write 
N = N(j) = max(2,1+ A), where A is the largest among the real zeros of 
jJ’. Clearly j(N) # 0 and f'(x) f (N) > 0 for all x 2 N. We also write 
~(8) = PAN) {resp. p’(n) = &(n)) for the number of incongruent x(mod E) 
(resp. with (x, n) = 1) such that f (x) zz O(mod n). 
The symbols 0, o4pertain to x -+ co or n + co depending on the con- 
text. The positive constants c,, c~,..., and the order constants may depend 
on parameters other than x or n that occur in the context. 
For positive ~2 and complex Z, we write 8 =exp(z log a) where the 
logarithm is real and we agree that 0’ = 0. Finally, for complex z, we write 
Liz(x) = 1; & du, Li(x) = L&,(x). 
LEMMA 1 (cf. [27], also [15, p. Ill). There exists u constunt cI >O 
such that 
LEMMA 2. Let k be a positive integer. Then the series ET=, lk(n) n-.’ 
(with lI(n) = 1 Jar ~11 n) converges for s > I/k und 
and 
x kQJ(‘l) n - ’ = O( (log x)k). (2.2) 
rl6.Y 
Proo$ The first assertion follows in virtue of the convergence of the 
product &( 1 + X2= k pem’) for 3 > l/k, On noting that 
(2.1) follows by induction on k. Equation (2.2) follows from (2.1) via par- 
tial summation. 
LEMMA 3. There exist comtants c2, cs such that for all n 
pj+q -6 cy Q+))-’ (2.31 
pf+z) 6 cy n ’ - 1’h. (2.41 
Proof. From the theory of congruences, we infer that there exists a 
positive integer c2 such that PAP) < cz for all p. Also for positive integral rY 
phpr) 6~‘~ ’ PAP). The multiplicativity of pf now yields (2.3). 
To prove (2.4), we first note that there exists a polynomial g with non- 
zero discriminant such that G =g’ is divisibie by 5 Putting g0 = g&*, 
where d is the g.c.d. of the coefficients of g, we infer from well-known 
results due to Nagell, as remarked by Erdos (cf. [ 13, p. 8]), that there 
exists a positive integer C~ = ch( gO) such that ~~~(~r) < cG for all p and 
positive integral r. Since 
we have p&) = p&) < cX. Also since g’(b) = O(mod pr) is equivalent to 
g(b) = O(mod p’), where u = - [ -r/h J (the smallest integer 2 r/h), we find 
that 
Since ~,AII) <P&H), (2.4) follows. 
Remrk 1 J. Chidambaraswamy [3-5-j while investigating the average 
orders of some arithmetical functions associated with integer coefticient 
polynomials imposed the following additional condition on polynomials f: 
There exists a L5, 0 K 6 < 1 such that phn) = O(n’). (2.51 
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In view of (2.4) and the well-known relation c”‘@~ = 0{$) for each e > 0, 
it is clear that (2.5) holds for every nonconstant polynomial fwith integer 
coefficients. As such the above condition on .f could be dropped. 
LEMMA 4. Let E < 1 and fl zz- 1 be arbitrary. Then 
(2.7) 
und 
1 p(n) n-B= CI(Pfi(log x)C5), (2.8) 
,I> -c 
where c6< 1 +f5, 
ProoJ We recah that every positive integer n can be uniquely expressed 
as da, where d is (2h)-free, C? is (2h)-full, and (d, cJ) = 1. Now by Lemma 3 
and (2.2), 
Since c?(6) = 0(F) for each e > 0, the last sum is 0( 1) in virtue of Lemma 2. 
This yields (2.6). Equations (2.7) and (2.8) follow via partial summation. 
LEMMA 5. Let r, b be integers with 1 <r < b and A > 0 be arbitrary but 
fixed. Then 
and 
(2.10) 
if (r, b) = 1 hold uniformly in x and b. 
BoojI While (2.9) is clear, (2.10) is due to Van der Corput 
(cf. [25, Footnote 4, pp. 27992801). 
LEMMA 6. Let F, G be arithmetical functions satisfying 
and 
1 F(n) = Ax + O(X’-~ /3(x)) (2.11) 
rl < .K 
x G(p)=ELix+O 
P<X 
(2.12) 
where A, B are complex constants, 0 < q < 1, A > 0 and fl is an increasing 
function on [ 1, co) such that j?(x)<x’for all E> 0. Then for complex t with 
Re t=fI> -l/h 
n 
1 ~(n)lf(n)l~=~x~f’l+O(xl-(~-~~)*~(x)~ogx) (2.13) 
s .x 
and 
x G(P) lf(p)l'=~lalf~i~,(x)+ Wh'+l~~~g~~~Ah 
psx 
(2.14) 
where, for real r~, cr* denotes min(1, e). 
ProoJ We prove that (2.12) implies (2.14). That (2.11) implies (2.13) 
can be proved similarly. 
Without loss of generality, we assume that a > 0 and note that for all 
large x 
and 
(2.15) 
r(f(x))‘+‘f’(x) = (ha* xh’-’ + O(X’~~‘). (2.16) 
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Now by partial summation 
so that by (2.12), (2.15), and (2.16), we obtain 
which is (2.14). 
3. MAIN RESULTS 
In what follows, for any arithmetical function R, we write B(O)=0 and 
B( -U) = B(n) for all TZ. Given a complex number s and an arithmetical 
function CX, we deline arithmetical functions ,4 and A* by 
A(n):= &&z)= x a(d) P and A*(n)=A(n)Ks. (3.1) 
d6=n 
THEOREM 1. Suppose that there exists an increasing function /II on [ 1, co) 
such thut (i) CX(FZ)~~(~) and (ii) p(x) .x-’ decreases &r large x und for aiI 
E > 0. Let s and t be complex numbers such that Re s= CT >O and 
Ret=@> -l/h. Then 
x + Q(x’ -~*~(f(~x))(iog x)=‘) (3.2) 
n < x- 
155 
and 
where c, = max(cI, 1 + c5) and y* = min( I, y). In particular 
+ 0(x h”+ ’ -@* fl(f(Nx))(iog xy +y. (3.4) 
Prot$ Without loss of generality, we assume that a > 0 so that f(x) > 0 
for x 2 ZV. Let H > 0 be such that f(x) 3 Hx for all x 2 jV. Then 
say. Now by Lemma 1 
Also 
(3.7) 
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say. Now by (2.8), with an 8 satisfying 0 -C s -C 0, 
Also 
(3.8) 
(3.9) 
Further by (2.7) 
c&GP(Hx)  p(n)n- 
n < Hx (3.10) 
<x’-cr* ~(~(~x))(log .x)? 
On collecting (3.5) through (3.10}, one obtains (3.2). 
Equation (3.2) together with (2.13) yields (3.3) while (3.4) follows from 
(3.1) on taking f=~ in (3.3). 
THEOREM 2. Oppose that c~(n) 6 (log n)’ for some c > 0 and s, t be com- 
plex numbers sutisfying Res = o > 0 and Re t = t3 > -l/h. Then for any 
A > 0, we have 
(3.11) 
and 
In particular 
ProoJ Without loss of generality, we assume that a > 0. Let j > 0, to be 
chosen suitably later, and H= H(j) > 0 be such that f(x) 2 H(log x)j for 
all x 3 IV. Then as in the proof of Theorem 1, 
Aiso by (2.10) and the fact that ~(n)$log~~, we have for any &>O, 
say. Now by (2.8) and the fact that l,@(n) < (log n)/n we have, with an E 
satisfying 0 < E < 5, 
(3.17) 
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Also by (2.7) 
y&j7 (log log x)((log xY(l PO*J(log log x)C+J 
Further 
< (log log x)=(log x)j(i Pu*) log log x. 
Now on collecting (3.14) through (3.19), we obtain 
(3.18) 
(3.19) 
SO that (3.11) follows on choosing j= (A + ci + c) C’ and 
A’=d+l+j(l-cJ*). 
Equation (3.12) follows from (3.11) and (2.14) while (3.13) follows from 
(3.1) on taking f=s in (3.12). 
Remark 2. It may be noted that the results in Theorem 1 (resp. 
Theorem 2) yield asymptotic formulae provided 
4. APPLICATIONS 
In this section, by specializing the function a suitably in our theorems, 
we deduce interesting results concerning some well-known arithmetical 
functions. In the sequel A denotes an arbitrary positive number but fixed in 
the context. 
Let k be a positive integer and z be a complex number with 
Re z = u > k - 1. Taking a to be the characteristic function of the integral 
kth powers (so that /I can be taken to be the constant function 1) and 
s = (z + 1 -k) k-l, we see that ,4(n) and ,4*(n), respectively, reduce to 
which were introduced by Cohen (cf. [lo, p, 6431) as generalizations of the 
well-known divisor functions 0:. In this case our theorems yield 
COROLLARY I. 
and 
(4.5) 
Remark 3. While Corollary 1 is believed to be new, (4.2) and (4.4) in 
case k = 1 are related to Webb’s work [26] (see Sect. 7 for detailed 
remarks) and (4.3) and (4.5) in case k = 1 refine Beliman’s results (cf. 
[ 1, Theorem 1 ]). 
Let r be a positive integer and t e {1,2j. Writing x(a):= ar,,{n) = (~~(~))~, 
where p,, is Klee’s generalization [16] of the Mobius p-function detined by 
am = ~(n”‘) or 0 according as n is an rth power or not, we see that 
and 
As remarked by Bruce C. Berndt (cf. [2, p. 384 J), several well-known 
arithmetical functions are special cases d dr,t,s9 viz., 41,1.1 = 4; 
#rV,,s = #r,s-Cohen’s generalization (cf. [lo, p. 6631) of the Euler totient 
function q5; #,,i,s = J$-the Jordan totient function of order Z. (cf. [12, p. 1471 
for positive integral 3); 4 ,,Z,, = y&Dedekind $-function (cf. [12, p. 123; 7-J); 
#i,Z,s ( =$s) and #r,Z,, (= YF) are extensions of Dedekind ~-function by 
Suryanarayana [23]. Also @,,s = q5zs appears in Cohen’s work [lo]. 
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With the above choice of LY on taking j? to be the constant function 1, our 
theorems yield 
COROLLARY 2. Let r be a positive integer and t E { 1,2}. Then for 
Res=G>O 
and 
where 
and 
COROLLARY 3. For Re s = CT > 0 and Re t = l3 > --CT - (l/h), we have 
(4.6) 
(4‘71 
(4.8) 
(4.9) 
(4.10) 
161 
(4.11) 
where 
Prooj Equations (4.6) and (4.9) follow, respectively, from (3.3) and 
(3.12) on taking a(n} = P(B), ~(n~ = 1 for all n and repiacing g by s + g. 
Equations (4.7), (4.8), (4.10), and (4.11) can also be deduced from 
Corollary 2. 
Remark 4. Whereas Corollaries 2 and 3 are beheved to be new, 
Schwarz (cf. [20, Theorems 2 and 31) obtained (4.6) and a weaker form of 
(4.9) both in case s = 1, real g > -1 and f a primitive polynomial with 
integer coefficients having nonzero discriminant and satisfying f(n) > 0 for 
integral n > 0. He also obtained (4.8) and (4.11) in case 3 = I for such 
polynomials (cf. [20, Corollaries 1 and 2 of Theorem 11). Also, Schwarz’s 
paper [20], contains some more interesting results and a good 
bibliography. 
COROLLARY 4 (CorolIary 2, r = s = 1, g = 2). 
Remark 5. Corollary 4 is believed to be new. More generally, one can 
establish formulae analogous to those in Corollary 3 for the function $s 
t =41,2J 
COROLLARY 5. 
(4.12) 
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+ 0(x- l(log x)Q log log x) 
O(l) otherwise, 
ifh = l (4.14) 
and 
where B and B’ are constants. 
(4.15) 
Proof Since n/#(n) = Ed8 = ,, p2(d)/q5(d) and n/#(n) <log log 3n, on tak- 
ing M(H) =p2(n) n/d(rz), /3(x) = log log 3x and s= 1 in (3.2) and (3.11) in 
turn, we obtain (4.12) and (4.13). Equations (4.14) and (4.15) follow, 
respectively, from (4.12) and (4.13) via partial summation. 
COROLLARY 6. 
1 IfW 
~~.~,~,~~~~~(l~(n)l)= D N 
l - P(P) - 
P(P+ 1) I 
x + O( (log x)c’) 
and 
Prooj Since n/@(n) =xdaZn p(d)/$(d) and n <y9(n), on taking 
u(n) = p(n) n/$(n), /I(x) = 1 for all x and s= 1 in (3.2) and (3.11) in turn, 
we obtain the corollary. 
Remark 6. Whereas Corollaries 5 and 6 are believed to be new, W. 
Schwarz (cf. [20, Theorem 41) proved (4.12) for polynomials satisfying the 
conditions mentioned in Remark 4. In casef(n) = n, sharper forms of (4.14) 
are known due to E. Landau (cf. [12, p. 1341) and the first author 
[21, 221, 
sum of four jntegral squares. Then 
COROLLARY 7, Let r4(rz) denote the number of representations of n as a 
and 
P<X 
In particular 
and 
x r4(n(n + 1)) = 12x3 + Q(x*(log x)‘+“), 
aT.x r4(n2 + 1) = 7 x3 + U(x2(log x)’ + “), 
where G = zFfO (- 1)‘(2n + 1))2( FZ 0.91597), the Catalan’s constant. 
Proof It is known (cf. [17, Theorem 1721) that for odd ti 
r4(2’z4) = Wul ifl=O 
24~( u) ifl>O, 
where g = Q, so that one can verify 
where a(n) = -3 or 1 according as 4 divides n or not. Hence with this a, on 
taking p(x) = 1 for all x and s = 1 in (3.4) and (3.13) in turn, we obtain 
(4.16) and (4.17) and the rest foliow from (4.16) and well-known results 
from the theory of congruences. 
5. SUMS INVOLVING HIGHER POWERS 
R. Bellman (cf. [l, Theorem 21) asserted that for Re s = c > 0 
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where c~(L+) is a constant depending oniy on r and A In this section, we 
apply our Theorems 1 and 2 to obtain detailed formulae for sums of the 
form ILG.r (A(ftn)))~ and 2ZpGx (~~~(~)))~ for positive integrai r. We 
need 
LEhfMA 7. Let M be a multiplicative arithmetical function such thut 
et(n) <n’ for all E >O, Re s=g>O and r be a positive integer. If the 
arithmetical function gr = gr.z is defined by 
then for every E > 0, gJn) $ nmu+’ 
Proof By MGbius inversion, we have 
so that by the multiplicativity of A* and hence that of gr, we have 
(5.3) 
Since CX(PZ) + n’ for each .z > 0, this yields 
THEOREM 3. Let u be as in Lemma 7, Re s = 0 > 0 and gr be as defined 
by (5.2). Then for each E > 0, 
iffl> 1 
ifOcc<l, 
Proo$ We choose e such that 0 c a < 1 - { -cr 1, where {x] denotes the 
fractional part of x. Then on replacing IX(~), J?(x), s and f in Theorems 1 
and 2, respectively, by gr(n) nuPE, 1, G-E and rs, we obtain (5.4~(5.7) 
from (3.2), (3.3), (3.1 l), and (3.12), respectively. 
COROLLARY 8 (Theorem 3, a(n) = I). Fur Re s = r~ 2 0 u& e&z s > 0, 
and 
where 
und 
Record 7. Whereas Corollary 8 is beheved to be new, (5.8) sharpens 
Bellman’s result given in (5.1). Since in all the illustrations discussed in Sec- 
tion 4, the function E is such that a is multiplicative and a(n) + n’ for each 
s > 0, one can easily formulate, via Theorem 3, results analogous to 
Corollary 8 for all those functions. Further, it may be noted that the 
inequality (5.3) holds for positive valued functions A* and real s 3 0 even 
when r is allowed to be a positive real number. Hence Lemma 7 and as 
such Theorem 3 hold good in that case. 
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6. FURTHER APPLICATIONS 
Let M be a set of positive integers with minimal element r > 2. F’ollcnving 
Rieger [ 191, we say that a positive integer 3r is M-void if all the exponents 
in the canonical factorization of a are outside M. Let r, k be integers 32 
and f a positive integer. Taking M= A, I?, C, LI, and E in turn. where 
A= {nln>r}, 
B = {n 1 ti 2 r and a is congruent to one of r, r + l,..., k - 1 (mod k) }, 
where r-c k, 
C= {r, 2r ,..., frj, 
D= {nr/n>l], 
and 
I?= {r], 
we obtain as special cases of M-void integers, the we~~~known r-free 
integers, the (k, r)-integers [ 14, IS]), the unitarily (r, r)-integers, the 
unitarily r-free integers [4,9] and the semi-r-free integers [24,9]. 
Now taking a to be the characteristic function of 
(i) the set of all prime numbers, 
(ii) the set of all prime powers 
(iii) the semi-group generated by a set F of primes, and 
(iv) the set of all M-void integers in turn we note that A* takes, 
respectively, the forms 
li) qVz1 =Zplmpms, 
(ii) Q:(n) =xPm,np-S, 
(iii) ~~.,~(~)=~~,~,~,~-~~~d-~, ad 
(iv) ~%,.~(flIrX~,n,~is M-void C”. 
An application of (3.2) and (3.1 i ) for the above choices of ,z yields 
asymptotic formulae for the sums xn S .V ~:(f(n)), &, G .Y mW(p)), 
7. REMARKS ON WEBB’S PAPER 
Lemma 1 of Webb’s paper [26] which states that for each lixed &>O 
and any integer valued polynomial x P(R) = 0{n’) is not true. This is seen 
by considering the polynomial f(x) = x2 (for which &*) =J.J for each 
prime p) and an E -=z 4. 
In the proof of Lemma I on p. 280, lines 12 and 13, Webb concludes 
“Thus (6) has at most ci(~ + c2 + l)r solutions” which is erroneous. In fact, 
in computing the number of solutions of (6), the number of solutions of (7) 
in a complete residue system (modpm) should be taken into account which 
is not done. 
Since Webb effectively uses (cf. [26, p. 283, Eq. (28]) his Lemma 1 in the 
proof of the second assertion of his Theorem 1, the proof is invalid, 
However, since the conclusion of Lemma I is true for polynomials with 
integer coefficients having nonzero discriminants, his proof is valid for such 
polynomials. Though Webb did not give a detailed proof of the first asser- 
tion of his Theorem 1, the above remarks apply equally well to it. 
In passing from the last line of p. 280 to line 4 of p. 281, Webb equates 
k.v4~Pl<f~X~ r= 1 p=ketrrmdk) 
/‘Cp)= Ofmodk) .k.VCf~P~<fW~ 
where ki, k2,...> kpekj are the solutions of f(x)= Q(mod k) in a 
CRS(mod /?), thus tacitly assuming the implication 
a E b(mod k) -f(a) sJ(b)(mod k) 
which is true providedf has integer coefficients whereas in the statement of 
Theorem 1, Webb allows f to be any integer valued polynomial. For 
instance, if f*(x)= (x(x- 1)/2)+(x(x- 1)(x-2)/6), then &(5) & 
h@Mnod 3). 
Moreover, a natural delinition of p,(k) which is independent of the 
choice of the CRS(mod k), is not in general possible when f is allowed to 
be an integer-valued polynomial. For instance, regarding the integer valued 
poIynomia1 given above, the number of solutions of f&x) = 0(mod 3) in 
10, 1, 2} differs from that in {3,4, 5}. 
The Q-term in (13) should be U(~(k)((x~~/k)+ 1 +A?-‘)) and the 
expression on the extreme right of (32) should be y’x(log x)’ where 
e = c-(f) is a constant. However, these things can be adjusted. 
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